Some classes of the wide-sense additively stationary generalized random functions taking values in a complex Hilbert space are considered. These random functions are defined on certain types of convex cones and convex sets belonging to a real vector space that can be interpreted as commutative additive semigroups endowed with the identical involution * . Here, stationarity is understood as *stationarity with respect to a semigroup in the sense of earlier papers by the authors. For the above-mentioned classes of additively stationary random functions, spectral expansions are obtained for both these functions and their correlation functions. Properties of these expansions are studied and the problem of the extension of the described additively stationary functions to wider sets in vector spaces is considered.
Introduction
In 1946, M. Loève [1] started to study the class of one-dimensional continuous secondorder stochastic processes ξ(t), t ∈ R, whose covariance kernels depend on the sum of arguments only, that is, cov(ξ(t), ξ(s)) = r(t + s), t,s∈ R,
(in contrast to the classical stationary processes whose covariance kernels depend on the difference of arguments only). The sums
where γ k are uncorrelated random variables such that E γ k ≡ 0 and E γ k γ j = δ kj f k for some f k ≥ 0 (δ kj is the Kronecker delta), are simple examples of these processes. They satisfy
Loève based his study on the theory of continuous positive definite kernels depending on the sum of arguments only, which are called exponentially convex functions (see, for example, [4] - [7] ). Since the covariance function r(t) of this type of processes is exactly of this sort, Loève called ξ(t) an exponentially convex process.
Unlike stationary processes η(t), t ∈ R, that are Fourier transforms of orthogonal random measures used for modeling random oscillations being stable with respect to time shifts, exponentially convex processes ξ(t), t ∈ R, are Laplace transforms of orthogonal random measures. They are used for modeling the stochastic dynamics of phenomena that change in a smooth fashion (in particular, of increasing and decreasing processes) and whose correlation has a certain cumulative effect. Loève's studies of exponentially convex processes are reflected in his books [2, 3] and were stimulating for Silverman [8, 9] to introduce the class of locally stationary stochastic processes whose covariance kernels are represented as the product ϕ(t − s)ψ(t + s) where ϕ is a positive definite function.
The development of spatial statistics stimulated investigations of one-dimensional random fields ξ(t), t ∈ R n , having exponentially convex and locally stationary covariances (see, for example, [10] - [14] ) that generalize the processes introduced by Loève and Silverman. The fields whose covariances depend on the sum of arguments are called symmetric or additively stationary in [10] - [14] .
A unified approach to study a wide class of correlation spectral properties of random functions is introduced in [15] - [17] . In the framework of this approach involutive subgroups are considered to be ranges of values for these functions and generalized random elements in linear topological spaces X are interpreted as their values. Then one-dimensional exponentially convex and classical stationary processes and fields are particular cases of multi-dimensional stationary functions with respect to the involutive semigroups (R n , +, Id) and (R n , +, −(·)), n ≥ 1, with identity involution Id and mirror involution −(·), respectively [18] . This explains the term "additively stationary random function" which seems to be the most appropriate if the covariance function depends on the sum of its arguments.
From the point of view of geometry of vector spaces V , it is natural to develop a theory of additively stationary random functions defined on wide classes of convex sets in V . This paper focuses on these questions. Section 2 deals with an elementary theory of additively stationary random functions on the space R n (which, in some sense, is the simplest case of a convex set) taking values in a complex Hilbert space H.
Further sections contain an advanced spectral theory, based on a semigroup approach, of additively stationary functions on H defined on convex cones and sets belonging to vector spaces V . Our general results can easily be applied to particular cases of
as well as to particular cones and specific convex sets C ⊂ V . Let us note that conditions for the spectral analysis of additively stationary random functions on R n and on convex subsets C ⊂ V are quite different. In the case of R n , the correlation functions are assumed to be continuous, while they need to be somehow bounded in the case of C ⊂ V . This is related to the fact that C can be a proper subset of the space V without being an additive group or even a monoid by its algebraic properties.
Multi-dimensional additively stationary functions on R n
Let L 2 (Ω) be the Hilbert space of random variables defined on some probability space (Ω, F, P) and let H be a complex Hilbert space. The set L(H, L 2 (Ω)) = M(Ω, H) of all linear continuous maps acting from H to L 2 (Ω) can be interpreted as a space of generalized second-order random elements in H defined on (Ω, F, P) (see [18] H) is called continuous if it is continuous with respect to the strong operator topology of the space L(H, L 2 (Ω)) = M(Ω, H). Then its mean m t = E Ξ t , t ∈ R n , and the correlation kernel
t,s∈ R n , are continuous (the latter holds with respect to the weak topology on B(H)).
In what follows, we will assume that m t ≡ 0 (otherwise we switch to the centered
The random function Ξ t , t ∈ R n , n ≥ 1, is said to be additively stationary if its correlation kernel Q depends on the sum of arguments only, that is, if there exists a B(H)valued function R on R n (the correlation function for Ξ t ) such that Q(t, s) = R(t + s) for all t, s ∈ R n .
, is a continuous additively stationary random function on H, then there exists a random M(Ω, H)-valued orthogonal measure Φ and a B + (H)-valued operator-valued measure F defined on the Borel σ-algebra of sets B(R n ) such that Ξ t and R(t) admit the following spectral representations:
where (·, ·) is the scalar product on R n and
Here, Φ and F are the spectral random measure and the structural measure of the function Ξ t , respectively.
Proof. Consider the quadratic form r x (t) = (R(t)x|x), x ∈ H, generated by the function R(t) ∈ B(H). For each vector x ∈ H, r x (t) interpreted as a function of t is an exponentially convex continuous function on R n . Therefore, in view of the results in [4]- [7] , r x is the Laplace transform of some finite nonnegative measure µ x on B(R n ):
By the well-known polarization formula for H, the quadratic form r x (t) uniquely recovers the corresponding sesquilinear form r x,y (t) = (R(t)x|y), x, y ∈ H. In this case,
where µ x,y interpreted as a function of (x, y) ∈ H × H is a sesquilinear form such that
i is the imaginary unit, and ∆ ∈ B(R n ). The form µ x,y is bounded, since
Therefore there exists a unique B + (H)-valued measure F on B(R n ) satisfying
This means that equality (3) implies expansion (2) . Spectral expansion (1) is a corollary of expansion (2) and of a general theorem on integrable representations of random functions on vector spaces (Theorem 3 in [17] ). 
is positive definite (in the sense that for all n ∈ N and all t j ∈ R n , x j ∈ H, j = 1, . . . , n,
A B(H)-valued kernel Q(t, s) on R n × R n is a correlation kernel for some second-order random function on H if and only if it is positive definite. This implies the assertion of the corollary.
The following result is useful for giving further examples of additively stationary random functions on H.
is a real-valued exponentially convex function and D is an operator belonging to B + (H), is the correlation function of some generalized additively stationary random function Ξ t , t ∈ R n , on H. If the space H is separable, then Ξ t , t ∈ R n , is an H-valued generated random function ξ(t), t ∈ R n , such that E ξ(t) 2 H < ∞ and Ξ t x = (x|ξ(t)), t ∈ R n , if and only if D is a nuclear operator. In this case, Ξ t for all t is a Hilbert-Schmidt operator acting from H to L 2 (Ω).
Proof. Assume that ς(t), t ∈ R n , is a real-valued additively stationary function such that ψ(t), t ∈ R n , is its correlation function,
and A is a positive square root of the operator D ∈ B + (H). Then for all n ∈ N and all
Therefore R(t) = ψ(t)D is the correlation function of some additively stationary random function Ξ t on H. In this case, generalized random elements Ξ t are Hilbert-Schmidt operators mapping the separable space H to L 2 (Ω) if and only if Tr
where the symbol Ξ * s stands for the dual operator acting from L 2 (Ω) to H.
Let L H 2 (Ω) be the set of H-valued second-order random elements on (Ω, F, P). If {e k } ∞ k=1 is an orthonormal basis in H and if η k (t) = Ξ t e k , t ∈ R n , are second-order random functions, then the series
for all t ∈ R n and x ∈ H.
Based on Theorem 2.2, let us consider some examples of additively stationary random functions Ξ t on H. Random functions Ξ t whose correlation functions R(t), t ∈ R n , n ≥ 1, have the form
where D ∈ B + (H), are additively stationary, since the functions enclosed in the square brackets are exponentially convex (see, for example, [13] ). Observe that the supports of the corresponding structural measures F (the spectra of the functions Ξ t ) are R n in example (i), R in example (iii), and some compact sets in examples (ii), (iv), and (v).
Theorem 2.3. The correlation function R(t) of an additively stationary random function Ξ t , t ∈ R n , on H has the following properties:
is an operator-valued analytic (holomorphic) function that can be extended from R n to the n-dimensional complex space C n . The function R(t) has derivatives of all orders m = (m 1 , m 2 , . . . , m n ) ≥ 0. Moreover
Proof. Property 1) follows from spectral expansion (2) . In order to prove 2), consider an exponential family of
where F is the spectral structural measure of a random function Ξ. Then these measures have the Fourier transforms
since the integrals in (6) converge in the weak topology of B(H).
By an argument similar to that employed in the proof of Theorem 9 in the book [20] concerning analytic properties of integrals containing exponential functions and by Theorem 3.10.1 in [21] characterizing operator-valued holomorphic functions, one can check that the integrals in (6) are analytic functions of the argument
These integrals are the extensions of the function R(t) from R n to C n . Formula (5) is proved following the lines of the proof of a similar formula for real-valued measures in Theorem 9 in [20] . Theorem 2.4. A continuous additively stationary random function Ξ t , t ∈ R n , on H is analytic and therefore can be continued to C n (denote the continuation by Ξ z ). The continuation Ξ z can be represented by a multiple power integral (converging in the strong topology of L(H, L 2 (Ω))):
. . , m n ), and z = (z 1 , z 2 , . . . , z n ) ∈ C n . In this case, the analytic extension R(z), z ∈ C n , of the correlation function R(t) of the original field is as follows:
where the series converges in the weak topology of B(H).
Proof. The analyticity of Ξ t , t ∈ R n , follows immediately from Theorem 2.3. Another way of proving this fact, as well as formula (7), is using the Taylor expansion of the entire function t → e (λ,t) and spectral expansion (1) for Ξ t :
Expansion (9) can be extended to expansion (7) on C n . Formula (8) is proved along similar lines. (4)), then R is an entire function admitting the analytic extension to C n . The function
is a continuous additively stationary random function on H, then Ξ t is an entire function admitting the analytic extension to C n . The random function
is stationary in the classical sense.
Proof. (I) Since R(t + s) is a correlation kernel of some additively stationary random function Ξ t , t ∈ R n , Theorem 2.3 implies that R is an entire function admitting the analytic extension to C n given by (6) . Taking θ = 0 in this extension gives us an operator-valued function on B(H) that coincides with Γ(t).
(II) It follows from Theorem 2.4 that expansion (9) holds under the assumptions of part (II). Substituting t with it in this expansion, we obtain a classical stationary function Π t = Ξ it , t ∈ R n .
A semigroup approach to additive stationarity of random functions on convex structures of vector spaces
This section gives a brief account of the concepts related to convex structures in vector spaces and weak stationarity of random functions on a Hilbert space H that are defined with respect to general commutative semigroups having involutions (see [16, 18, 19] ). We also discuss some notions and results of the semigroup approach to the additive stationarity.
Suppose that V is a real vector space. If V is a topological vector space, then the topology on V is assumed to be the Hausdorff topology. Denote by V * the dual space to V and by λ(ν), ν ∈ V , the values taken by the linear functional λ belonging to V * at the vector ν. The space V * is usually endowed with the weak * -topology. For each positive measure µ on a measurable space (X, A), the convex cone
is pointed and generating. However, its interior can be empty. This is the case, for example, if X = R and µ is the Lebesgue measure. Convex cones containing positive functions f are pointed and generating in the nuclear Frechét space C ∞ (R n ) of real-valued smooth functions and in the Schwartz space S(R n ) of quickly decreasing functions.
Definition 3.2.
A semigroup S with an associative binary operation τ is called involutory if an involutory anti-automorphism * : S → S, t → t * , t ∈ S, is defined on this semigroup such that (t * ) * = t and (tτ s) * = s * τ t * for all t, s ∈ S. In the case where S is a monoid, that is, if it has a neutral element e with respect to the operation τ , we have e * = e.
Each commutative semigroup (S, +) endowed with the addition operation + can be interpreted as involutory having the identity involution * := id S , that is, t * := t, t ∈ S. In particular, if V is a real vector space and K ⊆ V is a convex cone in V , then K is a commutative additive involutory semigroup (K, +, id K ), since K is closed with respect to the addition of vectors. Indeed, if ν, u ∈ K, then ν + u = 2 1 2 ν + 1 2 u ∈ K. For a real linear space V , denote by V C = V + iV the compactification of this space (here, i stands for the imaginary unit) which can also be regarded as an involutory semigroup (V C , +, * ) having complex conjugation as involution, that is, (u+iν) * := u−iν for all u, ν ∈ V . A typical involutory sub-semigroup in (V C , +, * ) is the tube T K = K +iV where K is a convex cone on V . Definition 3.3. A function α : S → R + 0 is called the absolute value on a commutative involutory semigroup (or on a * -semigroup) (S, τ, * ) if for all t ∈ S we have α(t * ) = α(t) and α(tτ s) ≤ α(t)α(s) for all t, s ∈ S. The absolute value α on a convex cone (K, +, id K ) is tame if it is locally bounded on rays, that is, if for all ν ∈ K the map r → α(rν) acting from R + to R + 0 is locally bounded. A tame absolute value on the tube T K = K +iV ⊂ V C is defined analogously.
If α : K → R + 0 is a tame absolute value on a convex cone K belonging to a space V , then the set W α of functionals belonging to V * is defined as
and is endowed with the weak * -topology. Definition 3.4. A generalized random function Ξ t , t ∈ S, on a space H is called exponentially bounded with respect to a semigroup (S, τ ), Ξ t ∈ M(Ω, H), t ∈ S, if there exists a function g : S → R + 0 such that the correlation kernel Q(t, s) = [Ξ t , Ξ s ], t, s ∈ S, of the function Ξ t satisfies the following condition: for all finite sets of elements t j ∈ S and vectors x j ∈ H, j = 1, . . . , n, and for all t ∈ S n j,r=1 This terminology corresponds to that used in [14, 18] . In this case, the correlation function R of Ξ t depends on the sum of arguments only:
The space H Ξ where the function Ξ t , t ∈ S, takes its values is then interpreted as the subspace H Ξ of the space L 2 (Ω) obtained by taking the mean square closure in the space L 2 (Ω) of the linear span of the random variables Ξ t x, t ∈ S, x ∈ H. Theorem 3.1. A generalized weakly stationary exponentially bounded H-valued random function Ξ t , t ∈ S, with respect to a commutative * -semigroup (S, τ, * ) corresponds to a * -representation U :
Proof. Suppose that L is the linear span in L 2 (Ω) of the random variables Ξ t x, t ∈ S, x ∈ H. Define a family of operators { U t , t ∈ S} on L in the following way:
Since Ξ t , t ∈ S, is exponentially bounded, the operators U t are well-defined. They are linear bounded operators on L satisfying U t ≤ g(t), t ∈ S (see [16] ) and can be extended by continuity to the linear bounded operators U t , t ∈ S, on H Ξ , U t ∈ B(H Ξ ). In this case, the semigroup property U t U s = U tτ s , t, s ∈ S, is an immediate corollary of equality (10) , since the operations τ and S commute.
Observe that the correlation kernel Q(t, s) = [Ξ t , Ξ s ], t, s ∈ S of the random function Ξ t , t ∈ S, has the following property of cross-involutory invariance: (11) Q(tτ a, s) = Q(t, sτ a * ) for all t, s, a, ∈ S.
Indeed, since Ξ t is stationary, we have Q(tτ a, s) = R(tτ aτ s * ) = R(tτ s * τ a) = Q(t, sτ a * ).
By property (11), we obtain for all x, y ∈ H and all t, s, a ∈ S
Since the linear span of the set {Ξ t x, t ∈ S, x ∈ H} is dense in H Ξ , we obtain the equality U * a = U a * for all a ∈ S. Therefore {U t , t ∈ S} is a * -representation of the semigroup (S, τ, * ) on B(H Ξ ). Definition 3.7. Let α be the absolute value on a commutative * -semigroup S. A stationary random function Ξ t , t ∈ S, on H is called α-bounded if it is exponentially bounded and the generated * -
Observe that the latter condition is equivalent to the inequality
Spectral analysis of additively stationary random functions on open convex cones
Assume that K is a convex cone in a real vector space V interpreted as a commutative * -semigroup (K, +, id K ) having identity involution id K . Then the correlation function R of a weakly stationary random function Ξ ν , ν ∈ K, with respect to (K, +, id K ) in a Hilbert space H depends on the sum of arguments only: (12) [Ξ ν , Ξ u ] = R(ν + u), ν,u∈ K, that is, the random function Ξ ν , ν ∈ K, is additively stationary on the cone K.
Theorem 4.1. Assume that K = ∅ is an open convex cone in a real topological vector space V and α : K → R + 0 is a tame absolute value on (K, +, id K ). Then for an additively stationary α-bounded random function Ξ ν , ν ∈ K, with respect to a * -semigroup structure (K, +, id K ) on a Hilbert space H there exists a unique B + (H)valued Radon measure F on V * whose support supp(F ) ⊆ W α is such that the correlation function R of the random function Ξ ν has the spectral expansion represented by the Laplace transform of the measure F (the spectral structural measure of the function Ξ ν ):
In this case, the set W α is the spectrum of the function Ξ ν in the space V * . The additively stationary function Ξ ν , ν ∈ K, itself admits the spectral expansion represented by the Laplace transform of an orthogonal stochastic measure Φ (the spectral random measure of the function Ξ ν ):
where Φ is an M(Ω, H)-valued Radon measure on V * whose support W α is such that for all measurable sets ∆ 1 and ∆ 2 belonging to W α one has
Proof. The assumptions of the theorem imply that the correlation function R of the additively stationary random function Ξ ν , ν ∈ K, is a B(H)-valued positive definite function on K, that is, for any positive integer n and all vectors x j , j = 1, . . . , n, belonging to the space H and vectors ν j , j = 1, . . . , n, belonging to the cone K the following inequality holds:
Moreover, since the function Ξ ν is α-continuous, its correlation function R(ν + u), ν, u ∈ K, is α-bounded in the sense of Definition 7.5 in [19] . Then, by Theorem 16.6 in [19] , R can be represented in the form (13) where F is a uniquely defined B + (H)-valued measure having the properties described in the theorem. The spectral expansion for R implies that
for all ν, u ∈ (K, +, id K ). Apply to expansion (16) an analog of the Karhunen theorem on integral representations for generalized random functions in vector spaces [17, Theorem 3] to obtain that spectral expansion (14)-(15) holds for the additively stationary random function Ξ ν , ν ∈ K.
Corollary 4.1. Spectral expansions (13) and (14) in Theorem 4.1 for an additively stationary random function Ξ ν , ν ∈ K, can be given in the following form:
where K α is the dual semigroup of the semigroup (K, +, id K ) constituted by α-bounded semicharacters χ for K (see [18] ). The measures G and Z are a B + (H)-valued Radon measure and an M(Ω, H)-valued Radon measure, respectively, and the following equality holds:
for measurable sets ∆ 1 and ∆ 2 belonging to K α . The measures G and Z are images of the measures F and Φ in expansions (4) and (5) with respect to the map
The corollary follows from the fact that the correspondence β α defined in (17) is a homeomorphism between the semigroups (W α , +) and ( K α , ×) (see Lemma 16.5 in [19] ).
Corollary 4.2.
If a vector space V is locally convex, a cone K contains zero vector 0, and if α is a locally bounded absolute value on K, then under the assumptions of Theorem 4.1 the additively stationary random function Ξ ν , ν ∈ K, can uniquely be extended to a continuous additively stationary M(Ω, H)-valued function Ξ ν , ν ∈ T K , on the tube
This extension admits the spectral expansion
where Φ is the random spectral measure of the function Ξ ν , ν ∈ K, and λ C is a natural extension of the functional λ acting from W α to T K . Moreover Φ is Frechét holomorphic.
Indeed, under the assumptions of the corollary, Theorem 3.1 implies that Ξ ν = U ν Ξ 0 , ν ∈ K, where {U ν , ν ∈ K} is the representation of the monoid (K, +, id K ) in the Banach algebra B(H Ξ ) and where H Ξ is the space of values of the random function Ξ ν , ν ∈ K.
Note that this representation is α-bounded. Then, by part (a) of Theorem 16.7 in [19] , the representation U ν , ν ∈ K, can uniquely be extended to a Frechét holomorphic *representation U ν , ν ∈ T K , on the tube T K ⊂ V C of (B(H Ξ ), · ). Moreover this representation is continuous in the norm. By taking Ξ ν = U ν Ξ o , ν ∈ T K , the statement of Corollary 4.2 follows. 1-bounded (that is, α-bounded for α ≡ 1) , then it is continuous with respect to the norm on M(Ω, H) and its spectral set W 1 equals −K .
This corollary follows from part (d) of Theorem 16.7 in [19] .
Suppose that V is a real topological vector space. Let K be a convex cone whose interior K 0 is nonempty in the space V and let α : K → R + 0 be a tame absolute value on (K, +, id K ).
(I) If Ξ ν , ν ∈ K, is an α-bounded additively stationary random function in a Hilbert space H, then spectral expansion (14) holds for Ξ ν . In this case, the correlation function R(ν) satisfies spectral expansion (13) where the spectral random measure Φ and the structural measure F are related by formula (15) .
(II) If zero vector 0 belongs to K, then under the assumptions of part (I), the correlation function R(ν) is continuous on linear segments of K with respect to the ultra-weak topology of the algebra B(H) (that is, for all ν, u ∈ K the function r → R(rν + (1 − r)u) acting from [0, 1] to B(H) is ultra-weakly continuous).
(III) If an additively stationary random function Ξ ν , ν ∈ K, is 1-bounded, then the spectrum W 1 of this function coincides with −K . If, moreover, 0 ∈ K, then the correlation function R of Ξ ν has a unique decomposition as a sum R = R + R of B(H)-valued positive definite, on the monoid (K, +, id K ), functions R and R where R is ultra-weakly continuous and R | K 0 = 0.
Proof. Part (I) of the theorem is proved along the lines of the proof of Theorem 4.1, with the reference to the results of Theorem 16.6 in [19] replaced by that to Theorem 17.6 therein. Part (II) is a corollary of Theorem 17.7 in [19] , while part (III) follows immediately from Theorem 17.10 and Corollary 17.11 in [19] . 
Spectral analysis of additively stationary random functions on convex sets
Observe that the correlation kernel Q(ν, u) = [Ξ ν , Ξ u ] is a B(H)-valued positive definite kernel on C.
Assume that V is a real vector space and V C is the complexification of this space. For a vector z ∈ V C , denote by e z : V * → C the map defined as follows:
where λ C is the natural extension of the functional λ to V C . Let Σ(V * ) be the minimal σ-algebra of subsets of V * such that the maps
are measurable with respect to this σ-algebra. 
Under an additional assumption that the affine subspace generated by the set C coincides with V , that is, aff(C) = V , the measure F in expansion (19) is uniquely defined.
(II) The additively stationary random function Ξ ν , ν ∈ C, itself admits the following spectral expansion:
(III) Under the assumption aff(C) = V , the stationary function Ξ ν can be extended from C to the tube T C = C + iV in the space V C . In this case, the extension Ξ z , z ∈ T C , can be expanded as follows:
Proof. Part (I) follows from the results of Theorem 18.8 in [19] , since the correlation function R of an additively stationary random function Ξ ν , ν ∈ C, is a positive definite B(H)-valued function on the set C in the sense of the paper [19] which is ultra-weak continuous on linear segments of C. Part (II) is a corollary of spectral expansion (19) of the function R and Theorem 3 in [17] on integral representations of generalized random functions on vector spaces. Part (III) follows from spectral expansion (20) of the function Ξ ν , ν ∈ C, and the definition of the map e z : V * → C, since stochastic integral (21) remains defined for z ∈ T C and coincides with integral (20) for z ∈ C. Observe that in this case the correlation function R of the extension Ξ z , z ∈ T C , is an α(t)-holomorphic extension of the correlation function R of the function Ξ ν , ν ∈ C (this follows from part (c) of Theorem 18.8 in [19] ).
Spectral analysis of additively stationary random functions on generating cones
A characteristic feature of spectral expansions of α-bounded additively stationary random functions on H with respect to an open cone K belonging to a real linear topological space V is the concentration of the corresponding spectral structural measure and random measure on the subset W α of the dual space V * that is isomorphic to the dual object K α of the semigroup (K, +, id K ).
In the case of a generating cone K in a real vector space V , the situation concerning the spectrum of an additively stationary random function Ξ ν , ν ∈ K, is different. Specifically, the whole space V * becomes the spectrum. Theorem 6.1. Assume that K is a generating convex cone belonging to a real vector space V , let H be a complex Hilbert space, and let Ξ ν , ν ∈ K be an additively stationary random function on H.
(I) If the function Ξ ν , ν ∈ K, is tame in the sense that its correlation function R is ultra-weakly continuous on linear segments of K and is α-bounded with respect to the tame absolute value α on (K, +, id K ), then R admits the following spectral expansion in a form of the Laplace transform:
where F is a uniquely defined B + (H)-valued measure on the measurable space (V * , Σ(V * )) (the spectral structural measure of Ξ ν ). In this case, K belongs to the region −B F := ν ∈ V : ess sup F (e ν ) < ∞ .
(II) The random function Ξ ν , ν ∈ K, itself admits the following spectral expansion:
where Φ is an M(Ω, H)-valued orthogonal measure on (V * , Σ(V * )) related to the measure F as follows:
(III) The spectral structural measure F of the function Ξ ν , ν ∈ K, is finite on (V * , Σ(V * )) if and only if the function R(ν) (and therefore the function Ξ ν ) can be extended to a B(H)-valued positive definite function R 0 (to an M(Ω, H)-valued additively stationary function Ξ 0 ν ) on the convex cone K 0 = K ∪ {0}. In the one-dimensional case of H = C, the latter condition is equivalent to the condition that the representation U ν of the * -semigroup (K, +, id K ) on B(H Ξ ) related to the function Ξ ν is cyclic.
Proof. In part (I) of the theorem, expansion (22) for the correlation function R(ν) of the random function Ξ ν , ν ∈ K, follows from Theorem 20.2 in [19] , since R(ν) is a B(H)-valued tame positive definite function on the cone K.
Expansion (23) follows from expansion (22) by Theorem 3 in [17] on integral representations of generalized random functions on vector spaces. Part (III) of the theorem is a corollary of Proposition 20.5 in [19] .
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